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2I. INTRODUCTION
The Horowitz-Myers (HM) solutions of vacuum Einstein equations with a negative cosmological constant provide
an interesting example of Asymptotically Locally Hyperbolic (ALH) static metrics with total mass which is negative
when compared with that of a locally maximally symmetric hyperbolic metric with the same toroidal conformal
geometry at infinity.
It has been conjectured in [8, Conjectures 1 and 2] that in spacetime dimension five, and in [7, Section 4] in all
dimensions, that the negativity of the relative mass is a normalisation artifact, and that all solutions of the general
relativistic constraint equations with the same manifold (“bulk”) topology and same conformal geometry at infinity
will have energy larger than the corresponding Horowitz-Myers solution.
The aim of this note is to show that the conjecture is correct for some classes of time-symmetric n-dimensional
solutions of the general relativistic constraint equations, namely for U(1)n−1 symmetric metrics with an orthogonally-
transitive U(1)n−2 subgroup, and for a subclass of U(1)n−2 symmetric metrics with an orthogonally-transitive
U(1)n−2-action.
We also present an analysis of the mass of small perturbations of HM metrics, providing some evidence for positivity
but failing to settle the issue.
The reader interested in the relevance of the HM conjecture to issues in AdS/CFT is referred to [7–9].
II. PRELIMINARIES
Let (M, g) be a smooth n-dimensional Riemannian manifold, n ≥ 2. Static KIDs are defined as functions V on M
satisfying
DiDjV = V
(
Rij − R
n− 1gij
)
. (II.1)
When g has constant scalar curvature, an equivalent form is
∆gV + λV = 0 , DiDjV = V (Rij − λgij) , (II.2)
for some constant λ ∈ R. Here Rij denotes the Ricci tensor of the metric g, D the Levi-Civita connection of g, and
∆g = D
k
Dk is the Laplacian of g.
When λ < 0, rescaling g by a constant factor if necessary, when the background metric has constant scalar curvature
we can without loss of generality assume that
λ = −n
so that
R := gijRij = λ(n− 1) = −n(n− 1) ,
and this normalisation will be often chosen. This is equivalent to setting ℓ = 1 in the HM metric (C.1) below and
elsewhere in our equations.
Ignoring an overall dimension-dependent constant, we use the usual definition (cf., e.g. [6]) of the mass m of a
Riemannian metric g asymptotic to a metric g with a static KID V :
m = lim
R→∞
∫
r=R
[
V gmjgiℓ
(
Dmgjℓ −Dℓgjm
)
+ (gmjgki − gijgkm)(gjm − gjm)DkV
]
dσi . (II.3)
The limit as R→∞ of the integrand of the mass, whenever it exists, will be referred to as the mass aspect.
III. POSITIVITY FOR SELECTED CLASSES OF METRICS
A. Positivity for a class of U(1)n−1 invariant metrics
Consider a metric on
M = R2 × Tn−2 := R2 × S1 × · · · × S1︸ ︷︷ ︸
n−2 factors
3which is invariant under rotations of the R2 factor as well as rotations of each of the factors S1 of the torus Tn−2. In
coordinates adapted to the symmetry it can be written in the form
g = gijdx
idxj , (III.1)
where all the gij ’s depend only upon the polar radial coordinate on R
2, which will be denoted by r. A redefinition
of the coordinates
xa 7→ xa + fa(r)
where x1 = r, xa = (θ, xA), with a, b = 2, 3, . . . , n and A,B = 3, . . . , n, with suitably chosen functions fa allows one
to obtain gra = 0, bringing the metric to the form
g = e2udr2 + e2vdθ2 + 2gθAdθdx
A + gABdx
AdxB ≡ e2udr2 + gabdxadxb , (III.2)
where u, v, gAB, gθA are functions of r only. A calculation gives
R = −e−2u
(
Wˆ 2 + 2∂rWˆ − 2Wˆ∂ru
)
− 1
4
e−2ugabgcd∂rgac∂rgbd , (III.3)
where
Wˆ :=
1
2
gab∂rgab . (III.4)
We will specialise to the case where the orbits of the U(1)n−2-isometry subgroup acting on the torus factor ofM are
orthogonal to the R2 factor; this is sometimes referred to as orthogonal-transitivity and is, at least locally, equivalent
to the condition that each of the covector fields, say X♭(A), A = 3, . . . , n, associated with the Killing vectors X(A)
generating the U(1)n−2 action on the torus factor of M satisfies
dX♭(A) ∧X♭(3) ∧ · · · ∧X♭(n) = 0 . (III.5)
In other words, the metric is U(1)n−1-invariant with an orthogonally-transitive U(1)n−2 subgroup. In this case there
exist coordinates in which the metric takes the form
g = e2udr2 + e2vdθ2 + gABdx
AdxB , (III.6)
where u, v and the gAB’s still depend only upon r. We then have
R = −2e−2u
(
∂2rv − ∂ru∂rv + (∂rv)2 +W∂r(v − u) +
1
2
W 2 + ∂rW
)
− 1
4
e−2ugABgCD∂rgAC∂rgBD , (III.7)
with
W :=
1
2
gAB∂rgAB . (III.8)
We wish to show that metrics in this class have positive mass with respect to their asymptotic HM background
(with V = r/ℓ in the coordinates of (C.1) below), whenever the scalar curvature satisfies
R ≥ −n(n− 1) . (III.9)
This condition is equivalent to the hypothesis of positivity of energy density for time-symmetric general relativistic
initial data sets with negative cosmological constant Λ = −n(n− 1)/2.
Indeed, we claim:
Theorem III.1 Consider a metric g on R2 × Tn−2 of the form (III.6) where all the metric functions depend only
upon r and which has a well defined total mass m with respect to a Horowitz-Myers metric. If the Ricci scalar R of g
satisfies (III.9) then
m ≥ 0 ,
vanishing if and only if g coincides with its asymptotic Horowitz-Myers metric.
4The reader is referred to [6] for the detailed asymptotic conditions needed for a well-defined mass.
Proof: It turns out that the proof is most transparent for metrics of the form
g = e2udr2 + e2vdθ2 + e2w
(
(dx3)2 + · · ·+ (dxn)2) , (III.10)
where u, v and w are functions of r. We will therefore first carry-out the proof in this case. For the metric (III.10)
we have
R = 2e−2u
[
− v′′ − (n− 2)w′′ + u′v′ + (n− 2)u′w′
− (n− 2)v′w′ − (v′)2 − (n− 1)(n− 2)
2
(w′)2
]
. (III.11)
Suppose that g asymptotes to a Horowitz-Myers metric (C.1) with parameter r0. We will denote this asymptotic
background as gHM,r0 . We have
uHM,r0 = − ln r −
1
2
ln(1 − r
n
0
rn
) ,
vHM,r0 = ln r +
1
2
ln(1− r
n
0
rn
) ,
wHM,r0 = ln r .
It is readily seen that R(gHM,r0) = −n(n− 1). In order to obtain a smooth metric at r = r0, θ needs to have period
4π
nr0
.
Using e.g. the perturbation arguments in [3, 5], in order to prove positivity it suffices to assume that the components
of the metric, when expressed in terms of ON-frame of the asymptotic background, behave as r−n plus o(r−n) terms,
and that this behaviour is preserved under differentiation. We can therefore, without loss of geneality, assume the
asymptotic expansions, for large r,
u = uHM,r0 + uˆ = uHM,r0 + un r
−n + o(r−n) ,
v = vHM,r0 + vˆ = vHM,r0 + vn r
−n + o(r−n) ,
w = wHM,r0 + wˆ = wHM,r0 + wn r
−n + o(r−n) , (III.12)
where un, vn and wn are constants. In order to determine the mass aspect, rather than calculating the integrand of
(II.3) one can proceed as follows: We have
R = 2e−2uHM,r0 (1− 2uˆ+O(r−2n))×
×
[
− n(n− 1)
2
e2uHM,r0 − (vˆ′′ + (n− 2)wˆ′′)
+ [u′HM,r0(vˆ
′ + (n− 2)wˆ′) + uˆ′(v′HM,r0 + (n− 2)w′HM,r0)]
− (n− 2)(v′HM,r0wˆ′ + vˆ′ w′HM,r0)
− 2v′HM,r0 vˆ′ − (n− 1)(n− 2)w′HM,r0wˆ′ +O(r−2(n+1))
]
= −n(n− 1) + 2n(n− 1)uˆ+ 2r2
[
− (vˆ′′ + (n− 2)wˆ′′)
+
n− 1
r
uˆ′ − n+ 1
r
vˆ′ − (n+ 1)(n− 2)
r
wˆ′
]
+O(r−2n)
= −n(n− 1) + 2r1−n d
dr
[
(n− 1)rnuˆ− rn+1vˆ′ − (n− 2)rn+1wˆ′
]
+O(r−2n) . (III.13)
It follows, e.g. from the way that the mass is introduced in [6], that the mass aspect function of g relative to gHM
equals, up to a positive multiplicative constant,
Θ(g) =
2(n− 1)
n
un + 2vn + 2(n− 2)wn . (III.14)
The next step of our analysis consists of redefining the coordinate r so that the function uˆ, as defined with respect
to the new coordinates, vanishes:
5Lemma III.2 There exists a smooth increasing function r 7→ r˜(r) such that
r˜(r) = r − r
n
0 − r˜n0 + 2un
2nrn−1
+ o(r1−n) as r→∞ , (III.15)
gr˜r˜ = e
2uHM,r˜0 with r˜0 = r˜(r0) > 0 . (III.16)
Proof: Define
F (r) =
∫ r
1
euHM,1(ξ) dξ .
Then there exists a constant Fn depending upon the space dimension n such that
F (r) = ln r + Fn − 1
2nrn
+ o(r−n) as r→∞ .
Let r˜0 > 0 be such that
lim
r→∞
[ ∫ r
r0
eu(ξ) dξ − ln r
]
= Fn − ln r˜0 .
The desired function r˜ is then defined by
F
( r˜(r)
r˜0
)
=
∫ r
r0
eu(ξ) dξ . (III.17)
We proceed to check (III.15)-(III.16). Indeed, we have by the definition of r˜0 that∫ r
r0
eu(ξ) dξ = ln r + (Fn − ln r˜0)− r
n
0 + 2un
2nrn
+ o(r−n) as r→∞ .
Using (III.17) and
F
( r˜(r)
r˜0
)
= ln r˜ + (Fn − ln r˜0)− r˜
n
0
2nr˜n
+ o(r˜−n) as r˜ →∞
yields (III.15). On the other hand, from (III.17), we have
∫ r
r0
eu(ξ) dξ =
∫ r˜(r)
r˜0
1
euHM,1(ξ) dξ =
∫ r˜(r)
r˜0
euHM,r˜0 (ξ) dξ .
Differentiating in r yields
eu(r) dr = euHM,r˜0 (r˜) dr˜,
which gives (III.16). ✷
Using the variable r˜ given in Lemma III.2, we rewrite the metric (III.10) as
g = e2u˜dr˜2 + e2v˜dθ2 + e2w˜
(
(dx3)2 + · · ·+ (dxn)2) , (III.18)
where u˜, v˜ and w˜ are functions of r˜ ∈ [r˜0,∞), keeping in mind that θ is an angular variable with period 4πnr0 .
Write
v˜ = vHM,r˜0 + ̂˜v = vHM,r˜0 + v˜n r˜−n + o(r˜−n) ,
w˜ = wHM,r˜0 + ̂˜w = wHM,r˜0 + w˜n r˜−n + o(r˜−n) ,
where v˜n and w˜n are constants, and note that the function ̂˜u := u˜ − uHM,r˜0 is identically zero by construction. It is
readily seen that
v˜n = vn +
1
2
(r˜n0 − rn0 ) +
rn0 − r˜n0 + 2un
2n
,
w˜n = wn +
rn0 − r˜n0 + 2un
2n
.
6Hence, by (III.14),
Θ(g) = − 1
n
(r˜n0 − rn0 ) + 2v˜n + 2(n− 2)w˜n . (III.19)
This implies
Θ(g) = − 1
n
(r˜n0 − rn0 ) + lim
r˜→∞
2r˜n(̂˜v + (n− 2) ̂˜w)
= − 1
n
(r˜n0 − rn0 )− lim
r˜→∞
2
n
r˜n+1(̂˜v + (n− 2) ̂˜w)′
= − 1
n
(r˜n0 − rn0 ) +
2
n
∫ ∞
r˜0
[
(−̂˜v − (n− 2) ̂˜w)′ηr˜n+1]′ dr˜ , (III.20)
where ′ now stands for ddr˜ and η is any function of r˜ which vanishes at r˜ = r˜0 and η → 1 as r˜→∞.
Recall formula (III.11), which in the current coordinate system translates to
R = 2e−2u˜
[
− v˜′′ − (n− 2)w˜′′ + u˜′v˜′ + (n− 2)u˜′w˜′
− (n− 2)v˜′w˜′ − (v˜′)2 − (n− 1)(n− 2)
2
(w˜′)2
]
. (III.21)
Using that gHM,r˜0 has curvature −n(n− 1), we thus have
R+ n(n− 1) = 2e−2uHM,r˜0
[
− ̂˜v′′ − (n− 2) ̂˜w′′
+ (u′HM,r˜0 − 2v′HM,r˜0 − (n− 2)w′HM,r˜0)̂˜v′
+ (n− 2)(u′HM,r˜0 − v′HM,r˜0 − (n− 1)w′HM,r˜0) ̂˜w′
− (n− 2)̂˜v′ ̂˜w′ − (̂˜v′)2 − (n− 1)(n− 2)
2
( ̂˜w′)2] . (III.22)
Using η = r˜−(n+1)e2vHM,r˜0+(n−1)wHM,r˜0+̂˜v in (III.20) and noting that uHM,r˜0 = −vHM,r˜0 , we arrive at
Θ(g) = − 1
n
(r˜n0 − rn0 ) +
2
n
∫ ∞
r˜0
[
(−̂˜v − (n− 2) ̂˜w)′e2vHM,r˜0+(n−1)wHM,r˜0+̂˜v]′ dr˜
= − 1
n
(r˜n0 − rn0 ) +
2
n
∫ ∞
r˜0
e2vHM,r˜0+(n−1)wHM,r˜0+̂˜v
[
− ̂˜v′′ − (n− 2) ̂˜w′′
− (̂˜v′ + (n− 2) ̂˜w′)(2v′HM,r˜0 + (n− 1)w′HM,r˜0 + ̂˜v′)] dr˜
= − 1
n
(r˜n0 − rn0 ) +
2
n
∫ ∞
r˜0
e2vHM,r˜0+(n−1)wHM,r˜0+̂˜v
{1
2
e2uHM,r˜0 (R + n(n− 1))
+ (v′HM,r˜0 − w′HM,r˜0)̂˜v′ + (n− 1)(n− 2)2 ( ̂˜w′)2
}
dr˜ . (III.23)
The term containing ̂˜v′ can be computed as follows:
2
n
∫ ∞
r˜0
e2vHM,r˜0+(n−1)wHM,r˜0+̂˜v(v′HM,r˜0 − w′HM,r˜0)̂˜v′ dr˜ (III.24)
= r˜n0
∫ ∞
r˜0
e
̂˜v̂˜v′ dr˜ = r˜n0 ê˜v∣∣∣r˜=∞
r˜=r˜0
= r˜n0 (1− ê˜v(r˜0)) . (III.25)
As g is regular at r˜ = r˜0 and θ has period
4π
nr0
, we have that
e
̂˜v(r˜0) =
r0
r˜0
. (III.26)
7Altogether we obtain
Θ(g) = − 1
n
(r˜n0 − rn0 ) + r˜n−10 (r˜0 − r0)
+
2
n
∫ ∞
r˜0
e2vHM,r˜0+(n−1)wHM,r˜0+̂˜v
{1
2
e2uHM,r˜0 (R+ n(n− 1))
+
(n− 1)(n− 2)
2
( ̂˜w′)2} dr˜ . (III.27)
The quantity − 1n (r˜n0 − rn0 ) + r˜n−10 (r˜0 − r0) is non-negative due to the convexity of the function t 7→ tn, which
establishes that Θ(g) is positive or vanishes.
The case m = 0 implies Θ(g) = 0, and (III.27) gives
̂˜w′ ≡ 0 ≡ R + n(n− 1) , r0 = r˜0 .
We see that ̂˜w ≡ 0 = ̂˜wn = ̂˜vn as well, and (III.22) gives
0 = −̂˜v′′ + (u′HM,r˜0 − 2v′HM,r˜0 − (n− 2)w′HM,r˜0 − ̂˜v′)̂˜v′ , (III.28)
while from (III.26) we obtain
e
̂˜v(r˜0) = 1 . (III.29)
The maximum principle shows that ̂˜v ≡ 0, and we have proved:
Proposition III.3 If the metric g in (III.10) satisfies R ≥ −n(n− 1) then g has non-negative mass, vanishing if and
only if g coincides with the corresponding Horowitz-Myers metric. ✷
We now pass to general U(1)n−1-orthogonally-transitive-invariant metrics (III.6). For this let us write
∂rgAB =
2W
n− 2gAB +HAB , (III.30)
with W as in (III.8), thus gABHAB = 0. This allows us to rewrite the last term appearing in the formula (III.7) for
the Ricci scalar of g as
− 1
4
e−2ugABgCD∂rgAC∂rgBD = −1
4
e−2u
(
gABgCDHACHBD +
4W 2
n− 2
)
≤ −e
−2uW 2
n− 2 . (III.31)
Inserting this into (III.7) one obtains
R ≤ −2e−2u
(
∂2rv − ∂ru∂rv + (∂rv)2 +W∂r(v − u) +
1
2
W 2 + ∂rW
)
− e
−2uW 2
n− 2 . (III.32)
Defining
w′ :=
W
n− 2 , (III.33)
the inequality (III.32) can be rewritten as
R ≤ 2e−2u
[
− v′′ − (n− 2)w′′ + u′v′ + (n− 2)u′w′
−(n− 2)v′w′ − (v′)2 − (n− 2)(n− 1)
2
(w′)2
]
. (III.34)
This coincides with (III.21) except that the equality there is changed to an inequality consistent with what we need
to prove. With the definition (III.33) the formula (III.14) (derived as the mass aspect of the metric (III.10)) provides
also the correct formula for the metric (III.6). The argument of the proof of Proposition III.3 leads again to (III.23)
and (III.27) with the equalities there replaced by ≥, which establishes that m ≥ 0.
If m = 0 all the inequalities arising in the argument have to be equalities, in particular (III.31) with ≤ replaced by
an equality implies that ∂rgAB is pure trace, and Proposition III.3 applies. The proof of Theorem III.1 is complete.
✷
8B. Positivity for a class of orthogonally-transitive-U(1)n−2-invariant metrics
It turns out that the arguments given so far partially generalise to metrics which are invariant under an orthogonally-
transitive action of U(1)n−2 by isometries of the torus factor of M . Such metrics can be written in the form
g = e2udr2 + e2vdθ2 + gABdx
AdxB , (III.35)
where u, v, gAB are functions of (r, θ). One finds
R = −2e−2u
(
∂2rv − ∂ru∂rv + (∂rv)2 + ∂r(v − u)W r +
1
2
(W r)2 + ∂rW
r
)
− 1
4
e−2ugABgCD∂rgAC∂rgBD
− 2e−2v
(
∂2θu− ∂θu∂θv + (∂θu)2 − ∂θ(v − u)W θ +
1
2
(W θ)2 + ∂θW
θ
)
− 1
4
e−2vgABgCD∂θgAC∂θgBD , (III.36)
with
W r =
1
2
gAB∂rgAB, W
θ =
1
2
gAB∂θgAB . (III.37)
A useful device in the U(1)n−1-symmetric case was the introduction of a new radial coordinate r˜ so that gr˜r˜ takes
a canonical form. This does not seem to go through in the general case above while preserving a form of the metric
which is convenient for the remaining arguments. On the other hand, the proof generalises if we assume at the outset
that
u ≡ uHM . (III.38)
We then have:
Theorem III.4 Consider a metric g on R2×Tn−2 of the form (III.35) where the metric functions depend only upon
(r, θ) and which has a well defined total mass m with respect to a Horowitz-Myers background metric. If (III.38) holds
and if the Ricci scalar R of g satisfies R ≥ −n(n− 1) then
m ≥ 0 ,
vanishing if and only if g coincides with its asymptotic Horowitz-Myers metric.
Proof: As before, the proof is most transparent for metrics of the form
g = e2udr2 + e2vdθ2 + e2w
(
(dx3)2 + · · ·+ (dxn)2) , (III.39)
where we allow now u, v and w to depend both upon r and θ. Then
R = 2e−2u
[
− v,rr − (n− 2)w,rr + u,rv,r + (n− 2)u,rw,r
− (n− 2)v,rw,r − (v,r)2 − (n− 1)(n− 2)
2
(w,r)
2
]
+ 2e−2v
[
− u,θθ − (n− 2)w,θθ + u,θv,θ + (n− 2)v,θw,θ − (n− 2)u,θw,θ
− (u,θ)2 − (n− 1)(n− 2)
2
(w,θ)
2
]
. (III.40)
If we assume (III.38) and write
v = vHM + vˆ and w = wHM + wˆ
9then, using (III.22),
R+ n(n− 1) = 2e−2uHM
[
− vˆ,rr − (n− 2)wˆ,rr + (u′HM − 2v′HM − (n− 2)w′HM)vˆ,r
+ (n− 2)(u′HM − v′HM − (n− 1)w′HM)wˆ,r
− (n− 2)vˆ,rwˆ,r − (vˆ,r)2 − (n− 1)(n− 2)
2
(wˆ,r)
2
]
+ 2(n− 2)e−2vHM−2vˆ
[
− wˆ,θθ + vˆ,θwˆ,θ − n− 1
2
(wˆ,θ)
2
]
.
Already-mentioned perturbation arguments allow us to assume that g is asymptotic to gHM in the sense of (III.12),
where the expansion coefficients are now allowed to depend upon θ. We have
Θ(g) = lim
r→∞
2rn(vˆ + (n− 2)wˆ)
= − lim
r→∞
2
n
rn+1∂r(vˆ + (n− 2)wˆ)
=
2
n
∫ ∞
r0
∂r[∂r(−vˆ − (n− 2)wˆ)ηrn+1] dr ,
where η is any function which vanishes at r = r0 and η → 1 as r→∞. In the sequel we take η = r−(n+1)e2vHM+(n−1)wHM+vˆ.
Using uHM = −vHM we find
Θ(g) =
2
n
∫ ∞
r0
∂r[∂r(−vˆ − (n− 2)wˆ)e2vHM+(n−1)wHM+vˆ] dr
=
2
n
∫ ∞
r0
e2vHM+(n−1)wHM+vˆ
[
− vˆ,rr − (n− 2)wˆ,rr
− (vˆ,r + (n− 2)wˆ,r)(2v′HM + (n− 1)w′HM + vˆ,r)
]
dr
=
2
n
∫ ∞
r0
e2vHM+(n−1)wHM+vˆ
{1
2
e2uHM(R+ n(n− 1))
+(v′HM − w′HM)vˆ,r +
(n− 1)(n− 2)
2
(wˆ,r)
2
− (n− 2)e−4vHM−2vˆ
[
− wˆ,θθ + vˆ,θwˆ,θ − n− 1
2
(wˆ,θ)
2
]}
dr
Regularity of the metric at the core geodesic r = r0 requires vˆ = 0 there. Similarly to (III.25) we have now
2
n
∫ ∞
r0
e2vHM+(n−1)wHM+vˆ(v′HM − w′HM)vˆ,r dr
= rn0
∫ ∞
r0
evˆ vˆ,r dr = r
n
0 e
vˆ
∣∣∣r=∞
r=r0
= 0 .
The term containing −wˆ,θθ + vˆ,θwˆ,θ cancels away after integrating over θ:∫
e−vˆ(−wˆ,θθ + vˆ,θwˆ,θ) dθ =
∫
∂θ(−e−vˆwˆ,θ) dθ = 0 . (III.41)
So, under the hypotheses of Theorem III.4, we obtain non-negativity of mass for metrics satisfying moreover (III.39).
The vanishing of the mass implies wˆ ≡ 0 and one concludes by an argument similar to that in the proof of Proposi-
tion III.3.
We consider now the general case. Formula (III.36) with uˆ ≡ 0 implies
R ≤ −2e−2u
(
∂2rv − ∂ru∂rv + (∂rv)2 + ∂r(v − u)W r +
(n− 1)
2(n− 2)(W
r)2 + ∂rW
r
)
− 2e−2v
(
∂2θu− ∂θu∂θv + (∂θu)2 − ∂θ(v − u)W θ +
(n− 1)
2(n− 2)(W
θ)2 + ∂θW
θ
)
, (III.42)
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where we have used (III.31). Introducing
w,r =
W r
n− 2 (III.43)
allows us to rewrite (III.42) as
R ≤ 2e−2u
[
− v,rr − (n− 2)w,rr + u,rv,r + (n− 2)u,rw,r
− (n− 2)v,rw,r − (v,r)2 − (n− 1)(n− 2)
2
(w,r)
2
]
− 2e−2v
(
∂2θu− ∂θu∂θv + (∂θu)2 − ∂θ(v − u)W θ +
(n− 1)
2(n− 2)(W
θ)2 + ∂θW
θ
)
. (III.44)
This differs from (III.40) by the replacement of an equality sign by ≤, and replacement of w,θ by W θ/(n− 1). The
rest of the proof requires only trivial changes, for example (III.41) is replaced by
∫
e−vˆ(−W,θ + vˆ,θW θ) dθ =
∫
∂θ(−e−vˆW θ) dθ = 0 . (III.45)
The details are left to the reader. ✷
IV. PERTURBATIONS OF STATIC RIEMANNIAN METRICS
In the remainder of this work we wish to address the question of positivity of the relative mass for small perturbations
of the Horowitz-Myers metrics. We start with some general considerations.
Given a metric g asymptotic to a background metric g, we define
hij := gij − gij , (IV.1)
ψj := Dig
ij ⇐⇒ gijDihjℓ = −gℓjψj , (IV.2)
φ := gijhij =⇒ φ := gijhij = φ+O
(|h|2g) . (IV.3)
We will denote by hˇ, respectively by hˆ, the g-trace-free, respectively the g-trace-free, part of h:
hˇ := h− 1
n
φ g , hˆ := h− 1
n
φ g . (IV.4)
The most relevant fields for our purposes here are φ and hˆ, and we emphasise that hˇ and hˆ differ by terms quadratic
in ε if h = O(ε) and if ε is small; similarly for φ and φ¯. We also use the notation
gij = gij − hij + χij , (IV.5)
where
hij = gikgjℓhkℓ and χ
ij := gikgjℓgmnhkmhnℓ +O(|h|3g) = O(|h|2g) . (IV.6)
In order to address the question of gauge-freedom, it would be convenient to apply a diffeomorphism to g so that
ψˇi := ψi +
1
2
gikDkφ (IV.7)
vanishes. The equation ψˇi = 0 will be referred-to as the harmonicity condition, which is motivated by the fact that
it reduces to the harmonic-coordinates condition in the case of a flat background. It is likely that the harmonicity
condition can be achieved in whole generality for perturbations of a Horowitz-Myers background, but this is irrelevant
for the current work as our analysis is inconclusive anyway.
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In [2] the following formula was derived, which holds for any asymptotically hyperbolic background (M, g) with a
static KID V , under the usual conditions for existence of the hyperbolic mass m:
m =
∫
M
[
(R−R)V +
(n+ 2
8n
|Dφ|2g +
1
4
|Dhˆ|2g
−1
2
hˆiℓhˆjmRℓmij −
n+ 2
2n
φhˆijRij −
n2 − 4
8n2
λφ2
−1
2
(|ψˇ|2g − ψˇiDiφ))V + (hkiψˇi + 12φψˇk
)
DkV
+
(
O
(|h|3g)+O (|h|g |Dh|2g) )V
+O
(|h|2g |Dh|g) |DV |g]dµg . (IV.8)
All indices are raised and lowered using the background metric g.
We will also need another formula from [2]:
R = Rijg
ij +Dk
[
gijgkℓ
(
Dihjℓ −Dℓhji
) ]
+Q , (IV.9)
where
Q :=
1
4
gijgkpgℓq
(
2DphjℓDqhki −DℓhkpDqhij −DihpqDjhkℓ
)
. (IV.10)
In the notation of (IV.2)-(IV.7), the identity (IV.9) becomes
− 1
2
Dk
(
gklDlφ
)
= R−R +Rijhij −Dk
(
gkℓhjiDℓg
ij − ψˇk) −Q︸︷︷︸
O(|Dh|2)︸ ︷︷ ︸
gauge and higher order terms
. (IV.11)
It follows that a metric perturbation will satisfy the linearised time-symmetric scalar constraint equation if and only
if
− 1
2
Dk
(
gklDlφ
)− R
n
φ = Rij hˆ
ij . (IV.12)
If g is a space-form the term linear in hˆij at the right-hand side vanishes, which typically implies that φ itself is
higher order (compare the discussion before Equation (2.14) in [4]). However, this is not true for general g and hˆ, in
particular one cannot assume that φ = 0 for general perturbations of the Horowitz-Myers metrics in harmonic gauge.
Let us consider a one-parameter family of perturbations h of the metric of the form
hij = ǫ
(1)
h ij +ǫ
2
(2)
h ij +O(ǫ
3) , (IV.13)
where
(1)
h and
(2)
h are independent of ǫ. We assume that this expansion is preserved by differentiation. Subsequently,
the mass will have an expansion
m = ǫ
(1)
m +ǫ2
(2)
m +O(ǫ3) , (IV.14)
We will use similar notation for expansions of hˆ and φ:
hˆij = ǫ
(1)
hˆ ij +ǫ
2
(2)
hˆ ij +O(ǫ
3) , φ = ǫ
(1)
φ +ǫ2
(2)
φ +O(ǫ3) . (IV.15)
Suppose, first, that h satisfies the constraint equation up to terms of order ǫ2; equivalently, that
(1)
h satisfies the
linearised constraint equation. Dividing (IV.8) by ǫ and passing to the limit ǫ = 0 one obtains the well-known result,
that static metrics are local extrema of mass on the set of solutions of the constraint equations:
(1)
m= 0 . (IV.16)
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Suppose, next, that h satisfies the constraint equation up to terms of order ǫ3 and that the gauge condition ψˇk = 0
holds. Dividing (IV.8) now by ǫ2 and passing to the limit ǫ = 0 one obtains
(2)
m =
∫
M
[(n+ 2
8n
|D
(1)
φ |2g +
1
4
|D
(1)
hˆ |2g
−1
2
(1)
hˆ iℓ
(1)
hˆ jmRℓmij −
n+ 2
2n
(1)
φ
(1)
hˆ ijRij +
n2 − 4
8nℓ2
(
(1)
φ )2
]
V dµg . (IV.17)
We note that the knowledge of the perturbed metric to first order in ǫ suffices to obtain a formula for the mass which
is accurate to second order in ǫ.
To simplify notation, we will from now on interchangedly write (
(1)
φ ,
(1)
hˆ ) and (φ, hˆ), the smalleness parameter ǫ being
implicitly understood whenever required.
V. PERTURBATIONS OF HOROWITZ-MYERS METRICS
If g is the space-part of the Horowitz-Myers metric, the curvature-dependent terms in (IV.17) read (see Appendix C)
Rij hˆ
ij =
n
2ℓ2
(r0
r
)n (
hˆ1ˆ1ˆ + hˆ2ˆ2ˆ
)
, (V.1)
Rijkℓhˆ
ikhˆjℓ = f ′′
[
(hˆ1ˆ2ˆ)2 +
1
4
(
hˆ1ˆ1ˆ − hˆ2ˆ2ˆ
)2]
+
[
(3− n)f
(n− 2)r2 +
f ′
r
− f
′′
4
](
hˆ1ˆ1ˆ + hˆ2ˆ2ˆ
)2
+
f
r2
| ̂ˆh |2g , (V.2)
where
f(r) :=
r2
ℓ2
[
1−
(r0
r
)n]
, (V.3)
̂ˆ
hAˆBˆ := hˆAˆBˆ −
1
n− 2g
CˆDˆhˆCˆDˆgAˆBˆ , (V.4)
with
̂ˆ
haˆiˆ ≡ 0 ≡ ̂ˆhaˆbˆ, where from now on a, b ∈ {1, 2}, and where hatted indices denote frame components with a
respect to the g-orthonormal frame (C.8) below.
The question arises, whether the quadratic form (IV.17) in the fields (
(1)
φ ,
(1)
hˆ ij) is positive definite. An affirmative
answer would establish the Horowitz-Myers conjecture for small perturbations of Horowitz-Myers metrics. We show
in Appendix A that this is not the case: there exist fields so that the right-hand side of (IV.17) is negative.
However, the examples there satisfy neither the linearised constraint equations nor the harmonicity conditions,
as would have been needed to invalidate the conjecture. And we have neither been able to find fields satisfying all
necessary requirements, nor to prove that no such fields with negative
(2)
m exist. The analysis that we present below
suggests strongly, but fails to prove, that if such fields existed, then there would also exist negative mass configurations
depending only upon r. Since we have just proved that any metric in the relevant class depending only upon r has
positive mass, we are led to suspect that the Horowitz-Myers conjecture is also correct for small perturbations of the
Horowitz-Myers metrics.
An obvious approach to analyse the sign of the right-hand side of (IV.17) is to estimate
(2)
m from below by discarding
all positive terms which do not contain radial derivatives of the fields. Thus, from the term 14 |Dhˆ|2g there we will only
keep the following, using (C.15) below,
1
4
|Dhˆ|2g ≥
f
4
(|∂rhˆ1ˆ1ˆ|2 + 2|∂rhˆ1ˆ2ˆ|2 + |∂rhˆ2ˆ2ˆ|2 + | ∂r̂ˆh |2g)
=
f
4
(1
2
|∂r(hˆ1ˆ1ˆ + hˆ2ˆ2ˆ)|2 + 2|∂rhˆ1ˆ2ˆ|2 +
1
2
|∂r(hˆ1ˆ1ˆ − hˆ2ˆ2ˆ)|2 + | ∂r̂ˆh |2g) . (V.5)
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This gives, after ignoring further irrelevant-looking obviously-positive terms,
(2)
m ≥
∫
M
[(n+ 2
8n
f |∂rφ|2 + f
4
(1
2
|∂r(hˆ1ˆ1ˆ + hˆ2ˆ2ˆ)|2
+2|∂rhˆ1ˆ2ˆ|2 +
1
2
|∂r(hˆ1ˆ1ˆ − hˆ2ˆ2ˆ)|2 + | ∂r ̂ˆh |2g)
−f
′′
2
[
(hˆ1ˆ2ˆ)
2 +
1
4
(
hˆ1ˆ1ˆ − hˆ2ˆ2ˆ
)2]
−1
2
[
(3− n)f
(n− 2)r2 +
f ′
r
− f
′′
4
] (
hˆ1ˆ1ˆ + hˆ2ˆ2ˆ
)2
−n+ 2
4ℓ2
(r0
r
)n (
hˆ1ˆ1ˆ + hˆ2ˆ2ˆ
)
φ+
n2 − 4
8nℓ2
φ2 − f
2r2
| ̂ˆh |2g]V dµg , (V.6)
with equality attained on those perturbations with hrA = 0 = hθA which depend only upon r.
A. Positive contribution from h
1ˆ2ˆ
Let us, first, consider those terms in (V.6) which involve h1ˆ2ˆ. Using
f ′′ = ℓ−2
(
2− (n− 2)(n− 1)r
n
0
rn
)
,
√
det g =
rn−2
ℓn−2
, V =
r
ℓ
, (V.7)
we need to analyse the integral ∫ ∞
r0
(f
2
|∂rh1ˆ2ˆ|2 −
f ′′
2
|h1ˆ2ˆ|2
)rn−1
ℓn−1
dr . (V.8)
To this end, we use the identity∫ ∞
r0
2f∂rh1ˆ2ˆh1ˆ2ˆr
n−2 dr +
∫ ∞
r0
|h1ˆ2ˆ|2(r∂rf + (n− 2)f)rn−3 dr = 0 . (V.9)
Hence, for any α ∈ R, ∫ ∞
r0
(
f |∂rh1ˆ2ˆ|2 − f ′′|h1ˆ2ˆ|2
)
rn−1 dr =
∫ ∞
r0
(
f |∂rh1ˆ2ˆ|2 − f ′′|h1ˆ2ˆ|2
)
rn−1 dr
+α
∫ ∞
r0
2f∂rh1ˆ2ˆh1ˆ2ˆr
n−2 dr + α
∫ ∞
r0
|h1ˆ2ˆ|2(r∂rf + (n− 2)f)rn−3 dr
=
∫ ∞
r0
[
f
∣∣∂rh1ˆ2ˆ + αr h1ˆ2ˆ∣∣2 +Wα(f)|h1ˆ2ˆ|2
]
rn−1 dr , (V.10)
where
Wα(f) = −f ′′ + α
r
∂rf +
(n− 2)α− α2
r2
f
=
1
ℓ2
(
− (α2 − nα+ 2) + (n2 − 3n+ 2+ α2)(r0
r
)n)
.
Choosing α = n2 we have Wn/2(f) ≥ (n2 − 8)/(4ℓ2) > 0 for n ≥ 3, and so with this choice the integral in (V.8) is
non-negative.
The reader will note that the argument leading to (V.10) establishes the following inequality, for any function ϕ
and any α ∈ R, ∫
M
f(∂rϕ)
2dµg ≥
∫
M
(
α(r∂rf + (n− 2)f)− α2f
)
r−2ϕ2dµg . (V.11)
Remark V.1 An identical calculation applies to those terms in (V.6) which involve hˆ1ˆ1ˆ− hˆ2ˆ2ˆ. However, these terms
are coupled with the remaining ones through the harmonicity condition, and their positivity compensates for the
negativity of the remaining contributions in the radial case, so one should not discard them when estimating
(2)
m from
below.
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B. Positive contribution from
̂ˆ
h
AˆBˆ
We consider now those terms in (V.6) which explicitly involve
̂ˆ
hAˆBˆ. These are, up to irrelevant numerical factors
and an issential integration over the remaining variables,∫ ∞
r0
f
(| ∂r̂ˆh |2g − 2r2 | ̂ˆh |2g)r
n−1
ℓn−1
dr . (V.12)
Using the inequality
∣∣ ∂r| ̂ˆh |g∣∣ ≤ | ∂r̂ˆh |g ,
the analysis of the sign of (V.12) can be reduced to that of the sign of the integral∫ ∞
r0
f
(
(∂ru)
2 − 2
r2
u2
)rn−1
ℓn−1
dr , (V.13)
for differentiable functions u. A calculation as in (V.10) with f ′′ there replaced by 2f/r2 gives, for any α ∈ R,∫ ∞
r0
(
f |∂rh1ˆ2ˆ|2 −
2
r2
|h1ˆ2ˆ|2
)
rn−1 dr
=
∫ ∞
r0
[
f
∣∣∂rh1ˆ2ˆ + αr h1ˆ2ˆ∣∣2 + W˜α(f)|h1ˆ2ˆ|2
]
rn−1 dr , (V.14)
where
W˜α(f) =
α
r
∂rf +
(n− 2)α− α2 − 2
r2
f
=
1
ℓ2
(
− (α2 − nα+ 2) + (α2 + 2)(r0
r
)n)
.
The choice α = n2 leads similarly to W˜n/2(f) ≥ (n2 − 8)/(4ℓ2) > 0 for n ≥ 3, which shows that the integral in (V.12)
is non-negative.
C. The remainder
After discarding those fields which have been shown to give a positive contribution to the mass so far, and ignoring
the warning in Remark V.1, one is left to face a lower bound for
(2)
m governed by the integral
I :=
∫ ∞
r0
[n+ 2
8n
f |∂rφ|2 + f
8
|∂r(hˆ1ˆ1ˆ + hˆ2ˆ2ˆ)|2
−1
2
[
(3− n)f
(n− 2)r2 +
f ′
r
− f
′′
4
] (
hˆ1ˆ1ˆ + hˆ2ˆ2ˆ
)2
−n+ 2
4ℓ2
(r0
r
)n (
hˆ1ˆ1ˆ + hˆ2ˆ2ˆ
)
φ+
n2 − 4
8nℓ2
φ2
]rn−1
ℓn−1
dr . (V.15)
As already mentioned, we show in Appendix A that I can take negative values, when viewed as a functional of
ξ := h1ˆ1ˆ + h2ˆ2ˆ
after taking φ = 0, in all dimensions n ≥ 3. However, after enforcing the linearised scalar constraint equation,
− 1
2
Dkˆ
(
gkˆlˆDlˆφ
)
+
(n− 1)
ℓ2
φ =
n
2ℓ2
(r0
r
)n
(hˆ1ˆ1ˆ + hˆ2ˆ2ˆ) , (V.16)
the fields φ and ξ are not independent anymore. For example, if φ ≡ 0 we obtain ξ ≡ 0, then I = 0, and from what
has been said so far
(2)
m≥ 0 for such variations. We recover a result already observed by Horowitz and Myers [8], that
(2)
m is positive for transverse-traceless perturbations of the metric satisfying the linearised constraint equations.
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On the other hand, if n = 3 and if we take φ(r) = r−5, Equation (V.16) gives
ξ(r) =
30− 11r3
3r5
, (V.17)
and I = −79/84.
When n = 4 a negative value of I ≈ −0.575 is obtained by setting φ(r) = tanh(r)/r6, which results in
ξ(r) =
3
(
7− 2r4) tanh(r) + r (4r4 + (r4 − 1) r tanh(r)− 6) sech2(r)
2r6
. (V.18)
We note that the ansatz φ(r) = r−c leads to a positive I in all dimensions that we tried, namely 4 ≤ n ≤ 16,
regardless of the choice of the exponent c for which the integral converges.
D. A functional on φ
The above does not invalidate the HM conjecture in space-dimensions three and four because imposing harmonicity
leads to a non-vanishing field h1ˆ1ˆ − h2ˆ2ˆ, the contribution of which restores positivity of
(2)
m for r-dependent perturba-
tions. Indeed, if we prescribe a function φ(r), we can then calculate ξ from (V.16). If we consider metric variations
in harmonic gauge satisfying
hˆ1ˆ2ˆ = 0 = hˆ1ˆAˆ = hˆ2ˆAˆ , (V.19)
with all metric perturbations depending only upon r, then the harmonicity conditions reduce to the equation (D.5)
for hˆ1ˆ1ˆ,
√
f∂r
(
hˆ1ˆ1ˆ −
n− 2
2n
φ
)
=
f ′
2
√
f
(hˆ2ˆ2ˆ − hˆ1ˆ1ˆ)−
√
f
r
(ξ + (n− 2)hˆ1ˆ1ˆ) , (V.20)
where hˆ2ˆ2ˆ is viewed as a function of the already-known field ξ and of hˆ1ˆ1ˆ:
hˆ2ˆ2ˆ = ξ − hˆ1ˆ1ˆ . (V.21)
In space-dimension n = 3 we then necessarily have
hˆ3ˆ3ˆ = −ξ ,
and (V.20) becomes
r−(n−2)∂r
(
rn−2fhˆ1ˆ1ˆ
)
=
(
f ′
2
− f
r
)
ξ +
n− 2
2n
f∂rφ , (V.22)
Integrating from r0, regularity at r0 enforces the solution to be
hˆ1ˆ1ˆ = r
−(n−2)f−1
∫ r
r0
((f ′
2
− f
r
)
ξ +
n− 2
2n
f∂rφ
) ∣∣∣
r=s
sn−2 ds . (V.23)
The function hˆ2ˆ2ˆ can now be determined using (V.21), and we obtain a linearised metric perturbation satisfying the
gauge conditions and the linearised constraint equation.
The right-hand side of (V.6) with
̂ˆ
hAB = hrθ = 0 becomes thus a functional of
(1)
φ , the positivity of which follows
in an indirect way from Proposition III.3. However, positivity when
(1)
φ is allowed to depend upon all variables is not
clear.
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Appendix A: The lower bound is not positive for some variations
Recall that
ξ := hˆ1ˆ1ˆ + hˆ2ˆ2ˆ .
Consider that part of the contribution of ξ to (V.15) which decouples from φ:∫
M
{f
8
|∂rξ|2 − 1
2
[
(3 − n)f
(n− 2)r2 +
f ′
r
− f
′′
4
]
ξ2
}
V dµg . (A.1)
Note that
−1
2
[
(3 − n)f
(n− 2)r2 +
f ′
r
− f
′′
4
]
= −2n− (n(n(n+ 3)− 6)− 12)
rn0
rn+2
8ℓ2(n− 2) .
We show below that, in any dimension, there exist functions which render this integral negative. Hence one cannot
neglect the constraint equations and/or the gauge condition when attempting to prove positivity of the mass for small
perturbations of the metric.
If ξ is supported near infinity, the radial part of the integral (A.1) can be written as∫ ∞
r0
{1
8
|∂rξ|2 − n
4(n− 2)r2 ξ
2 + l.o.t.
}rn+1
ℓn+1
dr , (A.2)
where l.o.t. denotes terms which can be made arbitrarily small in comparison with the remaining ones for r’s large
enough. In view of the sharp constant for Hardy’s inequality in (n+ 2)-dimensions,∫ ∞
0
|ξ′|2 rn+1 dx ≥ n
2
4
∫ ∞
0
|ξ|2 rn−1 dr,
the main terms in (A.2) are non-negative for all ξ if and only if
2n
n− 2 ≤
n2
4
⇐⇒ n ≥ 4 . (A.3)
This implies that when n = 3, the integral is negative for open families of functions ξ which are supported sufficiently
far away from the origin.
In higher dimensions some more work is needed. In view of (V.9), we have∫ ∞
r0
f |∂rξ|2rn−1 dr =
∫ ∞
r0
[
f
∣∣∂rξ + α
r
ξ
∣∣2 + (α
r
∂rf +
(n− 2)α− α2
r2
f
)
|ξ|2
]
rn−1 dr ,
and so the integral in (A.1) becomes
1
8
∫ ∞
r0
f
∣∣∂rξ + α
r
ξ
∣∣2 rn−1
ℓn−1
dr +
1
8
∫ ∞
r0
Wˆα(f)|ξ|2 r
n−1
ℓn−1
dr , (A.4)
where
Wˆα(f) =
α− 4
r
f ′ +
(n− 2)α− α2 + 4(n−3)n−2
r2
f + f ′′
= − 1
ℓ2
(α2 − nα+ 2n
n− 2)
[
1−
(r0
r
)n]
− 1
ℓ2
n(n+ 1− α)
(r0
r
)n
.
In particular if we choose ξ = r−α with, when n ≥ 4,
1
2
(
n+
√
n2 − 8n
n− 2
)
< α < n+ 1 , (A.5)
then Wˆα(f) < 0. Therefore, for ξ = r
−α with α satisfying (A.5), the integral in (A.4) is negative.
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Appendix B: Regularity at r = r0
We normalise the metric and r so that r0 = 1 = ℓ.
For completeness we verify that metric perturbations of the form
h = h1ˆ1ˆ(θ
1ˆ)2 + h2ˆ2ˆ(θ
2ˆ)2 + hAˆBˆθ
AˆθBˆ , (B.1)
where the functions hiˆjˆ are smooth functions of r satisfying
h1ˆ1ˆ|r=1 = h2ˆ2ˆ|r=1 , (B.2)
define a smooth tensor field on the Horowitz-Myers manifold R2 × Tn−2, where the last factor denotes an (n − 2)-
dimensional torus. Here R2 is parameterised by polar coordinates (ρ, ϕ), where ρ ∈ [0,∞) and ϕ is 2π-periodic,
defined by the equations
(ρ, ϕ) :=
( 2√
n
√
r − 1, n
2
θ
)
. (B.3)
In particular functions which are smooth in r near r = 1 are smooth functions of ρ2 near ρ = 0, as necessary for
rotation-invariant functions. It follows from the last equation that we have
(θ2ˆ)2 = fdθ2 =
(
1 + ρ2f1(ρ
2)
)
ρ2dϕ2 ,
for some function f1 which is smooth in its argument near 0. Now,
hˆ1ˆ1ˆ(θ
1ˆ)2 + hˆ2ˆ2ˆ(θ
2ˆ)2
= hˆ1ˆ1ˆ
(
(θ1ˆ)2 + (θ2ˆ)2
)
+ (hˆ2ˆ2ˆ − hˆ1ˆ1ˆ)(θ2ˆ)2
= hˆ1ˆ1ˆg + f2(ρ
2)ρ4dϕ2 , (B.4)
for some function f2 which is smooth in its argument near zero. In Cartesian coordinates we have ρ
4dϕ2 = (xdy−ydx)2
and ρ2 = x2 + y2, and smoothness of hˆ follows.
Appendix C: Horowitz-Myers metrics
The Horowitz-Myers “soliton” metric g˜HM reads
g˜HM = −r
2
ℓ2
dt2 +
ℓ2
r2
dr2
1− ( r0r )n +
r2
ℓ2
[
1−
(r0
r
)n]
dθ2 +
r2
ℓ2
n−2∑
A=1
(dxA)2 , (C.1)
where
ℓ2 = −n(n− 1)
2Λ
, (C.2)
and where r0 > 0 is a constant, θ is an angle with the period
β =
4πℓ2
nr0
,
and the xA’s, A ∈ {3, . . . , n}, are local coordinates on an (n− 2)-dimensional flat manifold. Setting
f(r) :=
r2
ℓ2
[
1−
(r0
r
)n]
, (C.3)
the spatial part, say gHM, of (C.1) takes the form
gHM =
dr2
f(r)
+ f(r)dθ2 + ℓ−2r2δ , (C.4)
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where δ = δABdx
AdxB is flat. We will write gHM,r0 for gHM when r0 needs to be made explicit.
Dividing the metric by ℓ2 and rescaling the coordinates (t, θ, xA) suitably we can always achieve ℓ = 1. A subsequent
rescaling of r leads to r0 = 1. This can be used to reduce the analysis to one where
ℓ = 1 = r0 , β =
4π
n
. (C.5)
The nonvanishing, up to index-symmetries, Christoffel symbols read
Γrrr = −
f ′
2f
, Γrθθ = −
1
2
ff ′ , ΓrAB = −ℓ−2rfδAB , Γθrθ =
f ′
2f
, ΓArB =
1
r
δAB . (C.6)
The nontrivial components, again up to index symmetries, of the Riemann tensor of the (Riemannian) metric gHM
are (cf., e.g., [1, Appendix D])
Rrθrθ = −
1
2
f ′′ , RrArB = −
rf ′
2fℓ2
δAB , RθAθB = −
rf ′f
2ℓ2
δAB , RABCD = −ℓ−4r2f (δACδBD − δADδBC) , (C.7)
It is convenient to introduce the orthonormal co-frame
θ¯1ˆ =
dr√
f
, θ¯2ˆ =
√
fdθ , θ¯Aˆ = ℓ−1rdxA . (C.8)
We have the following non-vanishing connection one-forms
− ω¯1ˆ2ˆ = ω¯2ˆ1ˆ =
f ′
2
√
f
θ¯2ˆ , −ω¯1ˆAˆ = ω¯Aˆ1ˆ =
√
f
r
θ¯Aˆ , (C.9)
with aˆ, bˆ ∈ {1ˆ, 2ˆ}, Aˆ, Bˆ ∈ {3ˆ, . . . , nˆ}, and
R
1ˆ2ˆ1ˆ2ˆ
= −1
2
f ′′ , R
aˆAˆbˆBˆ
= − f
′
2r
gaˆbˆgAˆBˆ , RAˆBˆCˆDˆ = −
f
r2
(
gAˆCˆgBˆDˆ − gAˆDˆgBˆCˆ
)
. (C.10)
The nontrivial frame components of the Ricci tensor read
R
aˆbˆ
= −1
2
[
f ′′ + (n− 2)f
′
r
]
gaˆbˆ , RAˆBˆ = −
[
f ′
r
+ (n− 3) f
r2
]
gAˆBˆ . (C.11)
Let us define
̂ˆ
hAˆBˆ := hˆAˆBˆ −
1
n− 2g
CˆDˆhˆCˆDˆgAˆBˆ , (C.12)
with
̂ˆ
haˆiˆ := 0. Using this notation, we have
Rij hˆ
ij = −1
2
[
f ′′ + (n− 4)f
′
r
− 2(n− 3) f
r2
]
gaˆbˆhˆ
aˆbˆ
=
n
2ℓ2
(r0
r
)n (
hˆ1ˆ1ˆ + hˆ2ˆ2ˆ
)
, (C.13)
Rijkℓhˆ
ikhˆjℓ = −f ′′(hˆ1ˆ1ˆh2ˆ2ˆ − (hˆ1ˆ2ˆ)2)+ (f ′
r
− f
r2
)(
hˆ1ˆ1ˆ + hˆ2ˆ2ˆ
)2
+
f
r2
gAˆDˆgBˆCˆ hˆ
AˆCˆ hˆBˆDˆ
= f ′′
[
(hˆ1ˆ2ˆ)2 +
1
4
(
hˆ1ˆ1ˆ − hˆ2ˆ2ˆ
)2]
+
[
(3− n)f
(n− 2)r2 +
f ′
r
− f
′′
4
] (
hˆ1ˆ1ˆ + hˆ2ˆ2ˆ
)2
+
f
r2
| ̂ˆh |2g . (C.14)
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1. Covariant derivatives
We have
D1ˆhˆjˆkˆ =
√
f∂rhˆjˆkˆ . (C.15)
Further,
D2ˆhˆjˆkˆ =
1√
f
∂θhˆjˆkˆ − ω¯ℓˆjˆ2ˆhˆℓˆkˆ − ω¯ℓˆkˆ2ˆ hˆℓˆjˆ . (C.16)
The only nonvanishing connection coefficient relevant for this equation is, up to index-symmetries, ω¯1ˆ
2ˆ2ˆ
= − f ′
2
√
f
.
This yields
D2ˆhˆ1ˆ1ˆ =
1√
f
(
∂θhˆ1ˆ1ˆ − f ′hˆ1ˆ2ˆ
)
,
D2ˆhˆ1ˆ2ˆ =
1√
f
[
∂θhˆ1ˆ2ˆ −
f ′
2
(
hˆ2ˆ2ˆ − hˆ1ˆ1ˆ
)]
,
D2ˆhˆ2ˆ2ˆ =
1√
f
(
∂θhˆ2ˆ2ˆ + f
′hˆ1ˆ2ˆ
)
,
D2ˆhˆ1ˆAˆ =
1√
f
(
∂θhˆ1ˆAˆ −
f ′
2
hˆ2ˆAˆ
)
,
D2ˆhˆ2ˆAˆ =
1√
f
(
∂θhˆ2ˆAˆ +
f ′
2
hˆ1ˆAˆ
)
,
D2ˆhˆAˆBˆ =
1√
f
∂θhˆAˆBˆ . (C.17)
Finally, we have
DAˆhˆjˆkˆ =
ℓ
r
∂Aˆhˆjˆkˆ − ω¯ℓˆjˆAˆhˆℓˆkˆ − ω¯ℓˆkˆAˆhˆℓˆjˆ . (C.18)
In this case the only relevant nonvanishing components of the connection coefficient are, again up to index-symmetries,
ω¯Aˆ
1ˆBˆ
=
√
f
r δ
Aˆ
Bˆ
and ω¯1ˆ
AˆBˆ
= −
√
f
r gAˆBˆ which implies
DAˆhˆ1ˆ1ˆ =
ℓ
r
∂Aˆhˆ1ˆ1ˆ −
2
√
f
r
hˆAˆ1ˆ ,
DAˆhˆ1ˆ2ˆ =
ℓ
r
∂Aˆhˆ1ˆ2ˆ −
√
f
r
hˆAˆ2ˆ ,
DAˆhˆ2ˆ2ˆ =
ℓ
r
∂Aˆhˆ2ˆ2ˆ ,
DAˆhˆ1ˆBˆ =
ℓ
r
∂Aˆhˆ1ˆBˆ −
√
f
r
(
hˆAˆBˆ − hˆ1ˆ1ˆgAˆBˆ
)
,
DAˆhˆ2ˆBˆ =
ℓ
r
∂Aˆhˆ2ˆBˆ ,
DAˆhˆBˆCˆ =
ℓ
r
∂AˆhˆBˆCˆ . (C.19)
Appendix D: Gauge conditions
Written out in detail, the harmonicity conditions,
D
i
hij =
1
2
Djφ ⇐⇒ Dihˆij = n− 2
2n
Djφ , (D.1)
20
read
D1
(
hˆ11 − n− 2
2n
φg11
)
= −D2hˆ21 −DAhˆA1 , (D.2)
D1hˆ12 =
n− 2
2n
D2φ−D2hˆ22 −DAhˆA2 , (D.3)
D1hˆ1B =
n− 2
2n
DBφ−D2hˆ2B −DAhˆAB . (D.4)
Equivalently, using (C.15)-(C.19),
√
f∂r
(
hˆ1ˆ1ˆ −
n− 2
2n
φ
)
= − 1√
f
∂θhˆ1ˆ2ˆ −
ℓ
r
∂Ahˆ1ˆAˆ
+
f ′
2
√
f
(hˆ2ˆ2ˆ − hˆ1ˆ1ˆ)−
√
f
r
(ξ + (n− 2)hˆ1ˆ1ˆ) , (D.5)√
f∂rhˆ1ˆ2ˆ =
n− 2
2n
1√
f
∂θφ− 1√
f
∂θhˆ22 − ℓ
r
∂Ahˆ2ˆAˆ
− f
′
√
f
hˆ1ˆ2ˆ , (D.6)√
f∂rhˆ1ˆBˆ =
n− 2
2n
ℓ
r
∂Bφ− 1√
f
∂θhˆ2ˆBˆ −
ℓ
r
∂AhˆAˆBˆ
− f
′
2
√
f
hˆ1ˆBˆ . (D.7)
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